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I. Introduction
Aeroelastic simulations require accurate and computationally efficient techniques to transfer load and displacement data between aerodynamic and structural solvers. In addition, in the context of adjoint-based derivative evaluation for optimization or sensitivity analysis, the derivatives of the load and displacement transfer operations are required for the coupled adjoint method. Numerous load and displacement transfer methods exist in the literature [1, 2, 3] , however previous studies have not always addressed the need for derivatives required by the adjoint method, the implications of the larger, more sophisticated structural models used in modern aeroelastic simulations, and implementation issues that may prevent users from accessing underlying solver data.
Most load and displacement transfer techniques in the literature can be classified as either projection-based methods, such as those developed by Brown [4] and Farhat et al. [5] , or interpolation-based methods that use basis functions, such as the radial basis function (RBF) techniques developed by Beckert and Wendland [6] and Rendall and Allen [7] .
Projection-based methods associate each aerodynamic surface node with a unique structural element, typically through a closest-point projection, and then use the local element displacement data to evaluate the motion of the surface node.
The computational cost of projection-based load and displacement transfer techniques scales well for structural models of increasing size and complexity because the methods use only local element data. However, these methods require access to the underlying structural mesh and element data in order to compute the parametric coordinates of the projected aerodynamic surface nodes inside the elements and evaluate the element shape functions.
Interpolation-based methods work by constructing a global interpolant from the displacements at the structural nodes and use the interpolant to evaluate the displacement of the aerodynamic surface nodes. The choice of basis function for the interpolant is not limited by the structural finite element shape functions, which allows the method to be implemented with minimal access to the structural solver data. RBFs, such as those investigated by Beckert and
Wendland [6] and Rendall and Allen [7] , are frequently used to construct the global interpolant. The primary drawback of these methods is that computing the global interpolant of the structural displacements requires the solution of a system of equations that scales with the size of the structural model. This means that the computational expense of computing the interpolant may scale poorly with the size of structural model, depending on the selected basis function and the solution method. Techniques that address this poor scalability and maintain a smooth global displacement field have been developed [8] . However, implementations of interpolation-based methods often follow the precedent set by interpolation-based mesh deformation [9] , and use sub-sampling of the structural model to alleviate the burden of computing the interpolant. Although sub-sampling of the structural nodes may produce smooth aerodynamic displacement distributions, it can cause unacceptable degradation of the accuracy of the structural stress distribution due to the load concentrations it produces on the sub-sampled structural nodes.
In our new proposed load and displacement transfer method, we achieve localization, similar to projection-based methods for computational efficiency, with non-intrusiveness, similar to interpolation-based methods, enabling a modular implementation. This non-intrusive property is attained by coupling aerodynamics and structures without the underlying surface connectivity data. In addition, we derive the operations needed for the coupled aeroelastic adjoint. The proposed load and displacement transfer scheme is similar to techniques from point matching, or point set registration [10, 11] . In particular, we utilize a weighted least-squares minimization principle, which allows us to compute the displacement of each aerodynamic surface node by operating on the locations and displacements of nearby structural nodes. The same principle has been applied in problems as varied as crystallography [12] , satellite attitude determination [13, 14] , and computer graphics [15] . Due to its origins in point matching, we have named the new method matching-based extrapolation of loads and displacements or MELD. In the following sections, we describe MELD's load and displacement transfer, develop the derivatives needed for the coupled aeroelastic adjoint method, and present results that compare the performance of MELD to an interpolation-based method.
II. Technical Approach
A. Displacement Transfer MELD works by linking each aerodynamic surface node to a fixed number of nearest structural nodes. This linkage provides localization such that each aerodynamic surface node receives displacement information from a limited number of structural nodes. The location of the displaced aerodynamic surface node is computed via an optimal rigid rotation and translation that are computed from the displacements of the set of linked structural nodes
where x A is the new location of the aerodynamic surface node, R is the optimal rotation matrix, x A0 is the initial location of the aerodynamic surface node, and t is the optimal translation. The optimal rotations and translations are obtained from a weighted least-squares problem that is formulated as
where x S0,n are the N initial locations of the structural nodes linked to the aerodynamic node, x S,n are the final locations of the structural nodes, w n are the weights associated with each structural donor node. The optimal translation and rotation of the aerodynamic surface node, driven by the structural displacement, is shown in Figure 1 .
The objective (2) represents the weighted best fit of a rigid rotation and translation to the structural displacements.
The rotation part of the solution of the minimization problem (2) is based on a singular value decomposition (SVD), and is given as
where the unitary matrices U and V are derived from the SVD of the covariance matrix H = UΣ Σ ΣV T . The covariance matrix is given by
where p n = x S,n −x S and q n = x S0,n −x S0 . The translation part of the solution is given as the difference between the weighted centroid of the set of structural nodes before and after deformation,
The weighted centroid of the structural nodes isx
where the weights are selected such that ∑ N n=1 w n = 1.
Smoothness of the displaced aerodynamic shape is achieved by judicious selection of both the number of linked structural nodes N and the weights, w n . The minimum number of points, N, required is three, since otherwise the SVD becomes degenerate. Through experimentation with various configurations, we have found that setting N to 5-10% of the total number of structural nodes yields good results. In this work, we use a binary space partition (BSP)
tree [16] to efficiently locate the closest set of structural nodes to each aerodynamic node. If the weighting of the structural nodes is uniform then aerodynamic nodes linked to the same set of structural nodes will undergo the same rigid transformation, regardless of their position, resulting in a non-smooth transfer of displacements. Therefore, the weights must be a function of the distance between the undeformed aerodynamic node and the undeformed structural node. We use the Gaussian function to compute the weightŝ
where d n is the Euclidean distance between the aerodynamic surface node and the structural node given by
and β is a decay parameter. This parameter must be set to reflect the scales involved in the configuration: smaller values for larger gaps between the aerodynamic surface and structural meshes and larger values for smaller gaps.
After the terms,ŵ n , are computed, the weights are obtained as w n =ŵ n / ∑ŵn to ensure the partition of unity property.
B. Load Transfer
The relationship between the load applied to the aerodynamic surface node and the resulting loads on the structural nodes is derived based on the principle of virtual work, thereby guaranteeing that the scheme conserves energy and maintains consistency of the loads [5] . Based on virtual work, the load produced at structural node n by the force at an aerodynamic surface node is
The total contribution to the structural load is obtained by adding the contribution from all aerodynamic surface nodes.
Based on the aerodynamic surface node location (1), the displacement of the aerodynamic surface node is
which must be differentiated with respect to the structural displacements, u S,n . Only two terms in the aerodynamic surface node displacement (7) depend on structural displacements: the rotation matrix R, and the centroid of the displacement structural nodesx S . Note that the aerodynamic force f A is held constant with respect to u S,n in this analysis. Therefore, the derivative can be computed in two parts: the derivative of the centroid of the deformed
and the derivative of the product f T A Rd with respect to u S,n , where
The second contribution to the derivative requires more care since R is a product of the matrices U and V, which are computed from the SVD of the covariance matrix H, which is, in turn, a function of the displacements, u S,n . Thus, we divide the problem of computing the derivative using the chain rule
The first contribution to the chain rule arises from the derivative of an SVD, while the second contribution involves the components of q n .
There are different methods to compute SVD derivatives [17] . Here, we develop an adjoint-based technique to compute the derivative of the scalar f T A Rd with respect to H. The SVD gives rise to two constraints, expressed as matrix equations. First, the rotation matrix must be unitary
and second, the covariance matrix must be the product of the rotation matrix R and a symmetric matrix S
Here we have introduced the definition S ≡ VΣ Σ ΣV T . The first and second constraints represent six and nine independent equations, respectively, for a total of 15 equations.
The derivative of the product f T A Rd can be derived using the following Lagrangian
which adds the trace of the product of the multiplier matrices X and Y with the first (10) and second (11) constraints to the governing system for the SVD. The matrix of Lagrange multipliers X has nine unique entries, while the matrix Y is symmetric and only has six independent entries.
The required derivative can be obtained by taking the derivative of the Lagrangian with respect to H
To compute X, we solve a system of adjoint equations that are derived by taking the derivatives of the Lagrangian with respect to R and S and setting these derivatives equal to zero. This yields the following system of equations
These two matrix equations can be vectorized into a single 15 × 15 system of linear equations which can be solved to obtain the components of X and Y. This small linear system must be solved for each node on the aerodynamic surface.
Solving this system, evaluating the chain rule (9) , and combining it with the result (8), we obtain the load transfer
The effect of the two contributions to the load expression (14) are illustrated in Figure 2 . The first term splits the aerodynamic force amongst the structural nodes according to weight. The second term adds to the first contribution so that the resultant forces on the structural nodes produce the same moment about their weighted centroid that the aerodynamic force does. In some aeroelastic analyses, structural displacements and rotations are small and the full nonlinear load and displacement transfer method is not required. The nonlinear load and displacement transfer methods above can be linearized about a zero displacement solution to give a linear load and displacement transfer method. In the linearized method, the covariance matrix H is symmetric, and the solution of the adjoint equations for the load transfer technique becomes X = ψ × , where (·) × ∈ R 3×3 denotes the skew-symmetric cross-product matrix and ψ is the solution of
With these definitions, the linearized load and displacement transfer scheme are the transpose of one another such that
T n u S,n , and f S,n = T T n f A , with the transfer matrix, T n , given by
Note that the matrix T n is associated with each structural node linked to the aerodynamic node.
D. Jacobian-vector Products
The governing equations for coupled aeroelastic simulations often take the form
The aerodynamic residual, R A , defines a relationship between the aerodynamic surface displacements u A and the aerodynamic forces f A . The structural residual defines, R S , defines a relationship between structural loads f S and the structural displacements u S . Finally, the displacement transfer residual D and load transfer residual L define the displacement and load transfer as developed in the sections above. Solution of this system using Newton-Krylov solution methods requires Jacobian-vector products of the load and displacement transfer coupling terms. In addition, in the context of the adjoint method, it is necessary to evaluate transpose Jacobian-vector products when computing the solution of the coupled adjoint system, since this adjoint system will involve equations of the form
where λ D and λ L are the displacement and load transfer adjoint variables. This section presents the formulation of forward and transpose Jacobian-vector products for these key operations. We formulate each computation so that the primary computational cost of each product, measured in the number of linear solutions, scales linearly with the number of aerodynamic nodes.
The residual form for the displacement transfer method is
The Jacobian matrix, ∂ D/∂ u S,n , depends on the rotation matrix, R, which, in turn, has an implicit dependence on the covariance matrix H. The formulation of this derivative is entirely analogous to the load transfer computation. The Jacobian-vector product can be found by replacing f A in the load transfer equation (12) with the unit vectors e 1 , e 2 , and e 3 to obtain the corresponding solution matrices X 1 , X 2 , and X 3 , respectively. With these solutions, the displacement transfer Jacobian can be formed as
This Jacobian requires the solution of three 15 × 15 linear equations for a single aerodynamic node, while the products, q T n X i , are formed for each structural node. Since the solutions, X 1 , X 2 , and X 3 can be reused, the cost of this computation is amortized over the number of forward and transpose Jacobian-vector products required during the Newton step or adjoint computation.
The residual form of the load transfer operation is defined as
where L n is the residual for each structural node, and X is obtained as the original solution of the load transfer equations (13) . In this case, the load transfer itself implicitly depends on the covariance matrix H, the solution of the load transfer equations (13), as well as the adjoint variables X and Y. As a result, the Jacobian computation requires a new derivation with a second-order adjoint where the constraints for the SVD and load transfer are imposed simultaneously. Given the perturbation, v S,n , to the structural node locations, the second-order Lagrangian is given as
Here, the adjoint variables are the matrices Z R , and Z X , which are symmetric, as well as the matrices Z H , and Z F , which are non-symmetric. Taking derivatives of the Lagrangian with respect to the adjoint variables gives the following governing equations
This system represents a 30 × 30 system of equations that are structured in a one-way feed-backwards system. Note that the terms in brackets above (16) couple the second two equations with the first two. Once vectorized, the system of equations (16) where the factorization of the 15 × 15 matrix A can be reused during the solution procedure or saved in memory for all matrix-vector products. After the solution of the second order adjoint system (16) has been obtained, the forward Jacobian-vector product contribution can then be computed as
The transpose Jacobian-vector product for this term can be evaluated by transposing the operations outlined above, and similarly requires the solution of two 15 × 15 linear systems in a feed-forward system to obtain the contribution to a single aerodynamic node.
The Jacobian-vector products with the Jacobian of the structural loads with respect to the aerodynamic forces are also required in full Newton-Krylov and adjoint methods. As a result of the application of the principle of virtual work, the Jacobian of the structural force vector with respect to the aerodynamic surface load is related to the derivative of the nodal displacements as follows
The transpose Jacobian follows an analogous relationship.
E. Terms for Adjoint-based Derivative Evaluation
In this section we describe the additional terms needed to compute the total derivative of a function of interest with respect to node locations. To compute the total derivative, it is necessary to evaluate the derivatives of the product of the adjoint vector and the residuals of the displacement and load transfer residuals. This will yield the total derivative of the function of interest with respect to all structural and aerodynamic surface nodes. The derivative of the function of interest with respect to geometric design variables can be carried through from an external geometric parametrization tool, enabling modularity between the geometry parametrization and the aeroelastic analysis [18] .
The derivative of the product of the adjoint vector and the residual of the displacement transfer with respect to aerodynamic node locations is
The derivative of the product of the adjoint vector and the residual of the displacement transfer with respect to structural node locations is more complicated because we must compute the derivative of λ T D Rd with respect to x S0,n . However, it can again be treated in a manner similar to the load transfer. Replacing f A in Equation (12) with λ D and computing the corresponding matrix X λ , the derivative with respect to the structural node locations can be computed as
The derivative of the product of the adjoint vector and the residual of the load transfer with respect to aerodynamic node locations is
where X λ 1 , X λ 2 , and X λ 3 refer to the solutions of the first-order adjoint equations in which d in Equation (12) is replaced with the unit vectors e 1 , e 2 , and e 3 , respectively.
The derivative of the product of the adjoint vector and the residual of the load transfer with respect to structural node locations is complicated because the rotation matrix R, the vector d, and the covariance matrix H are all functions of x S0 . The derivative is
where Z H is the solution of the second-order adjoint equations in which v S in Equation (15) is replaced with λ L and X λ is the solution of the first-order adjoint equations in which f A in Equation (12) is replaced with λ L .
III. Load and Displacement Transfer Comparisons
In this section, we demonstrate MELD's displacement transfer and compare it to that of an RBF interpolationbased scheme. The RBF interpolation used for this comparison employs thin plate spline (TPS) basis functions [19] .
The model in this demonstration is the uCRM wing surface and wingbox model [20, 21] . In this case, the structural finite-element model contains 9 742 nodes. To reduce the run time of the RBF interpolation, we sample only 19.4% of the structural nodes.
In this study, we prescribe the displacements at the structural nodes as a function of the physical coordinates, and compare the extrapolated displacement distribution at the aerodynamic surface. In this case, the prescribed displacement is designed to emulate the deflection of a geometrically linear Euler-Bernoulli beam where
with c = 0.2/y 2 max and y max is the span of the structural wingbox.
We transfer the displacements to the aerodynamic surface mesh using both MELD and the RBF interpolation and then compute the normalized discrepancy between the transferred displacements and the prescribed displacements applied to the aerodynamic surface nodes. Here we define the discrepancy as
where u, v, and w are the coordinate displacements computed from each transfer scheme. The discrepancy for both MELD and RBF are shown in Figure 3 . Since both MELD and RBF transfers are extrapolations, the aerodynamic surface displacements cannot be captured exactly. For RBF interpolation the maximum discrepancy appears at the trailing edge of the root, but for MELD it appears at the leading edge of the tip. Neither method can reproduce the prescribed displacement exactly, but both provide reasonable approximations.
RBF interpolation methods often utilize sampling of the structural nodes to reduce the dimension of the interpolation problem and therefore the computational cost of the method. Figure 4 shows the computational expense of both the RBF and MELD interpolation schemes for the uCRM model with 9 742 nodes. The computational cost consists of both transfer time and total time, which includes a one-time initialization that can be amortized over multiple transfers.
The RBF initialization time is between 10 to 1000 times longer than the MELD initialization, and increases with the Sampling is often effective in the case of mesh deformation since data is only transferred from the structural nodes to the aerodynamic surface nodes. However, sampling strategies can be problematic for load transfer since loads interpolated from the aerodynamic surface mesh may be concentrated on a subset of structural nodes, producing non-physical stress in the structural solution.
To illustrate these issues, we transfer loads computed from an aerodynamic solution obtained from a steady-state inviscid FUN3D [22] simulation of the uCRM wing at Mach 0.85 at 35,000 ft to the structural wingbox, using both sampling RBF interpolation and MELD. In this case, we adjust the sampling strategy to maintain approximately equal RBF interpolation sets. In all cases, our basic RBF interpolation implementation, which employs dense matrices using LAPACK, takes between 25 to 30 minutes of computational time. We note that in all cases MELD requires less than 5 seconds to initialize and compute the transfer. For this study we use the coarse, medium, and fine variants of the uCRM with 23 738, 59 388, and 95 286 structural nodes, respectively. We adjust the sampling percentage to maintain the computational cost of the RBF scheme, utilizing 14.2%, 6.2%, and 3.9% sampling for the coarse, medium, and fine meshes, respectively. Figure 5 shows the ratio of von Mises stress to design allowable stress in the wingbox, arising from the two different load transfers. The RBF results in Figures 5a, 5c , and 5e show that the sampling strategy produces non-physical stress concentrations near the wingtip, and trailing edge. Despite being artifacts of the sampling, these concentrations would impact the interpretation of the results of an aeroelastic analysis and alter stress-constrained aeroelastic optimization designs.
In contrast, the MELD load transfer, shown in Figures 5b, 5d , and 5f, are free of either load or moment concentrations.
Again, one might simply suggest sampling more of the structural nodes to improve the performance of RBF interpolation, but, as with displacement transfer, this makes it much slower. MELD is able to achieve accurate results in both displacement and load transfer for relatively low computational cost.
Then, we approximate this product
where D(u S + ihv) are the aerodynamic displacements computed for the structural displacements perturbed with a complex vector ihv, where h is the step size and commonly h = 10 −30 . A similar procedure is used for the remaining derivatives. Table 1 and Table 2 show comparisons of these products computed for each derivative by the implemented routine and by complex step approximation. They match nearly to machine precision, demonstrating that the derivative computation routines have been implemented satisfactorily. Table 2 : Verification of load transfer derivatives 
